A significant development in the theory of countercurrent extraction will be presented in this article. New expressions of the term in countercurrent extraction process analysis, "Adjacent Stage Impurity Ratio" (ASIR), are deduced. Furthermore, based on the term together with mass balance and extraction equilibrium, the conditions where a given countercurrent extraction separation operation can have minimum amounts of both extracting solvent and scrubbing agent solution can be estimated, and the equations of the two minimum amounts can be deduced. It was found that the equations for a two-component separation using a single aqueous or organic feed are exactly the same as they appeared in the theory initially established in 1970s. Unlike its earlier version, the present derivation does not involve feed-stage-composition hypothesis, and also has the advantage of dealing with a double-feed system where both aqueous and organic feeds are simultaneously employed whereas the earlier theory can only analyze a separation using a single aqueous or organic feed.
Introduction
The theory of countercurrent extraction was primarily established in 1970s [1]- [5] . The theory was initially applied to the design of extraction separation processes of rare earths (REs), and contributed a lot to the rapid development of RE separation industry in China [6] - [13] . The design of a given separation process, including estimating the number of ideal stages, amounts of both extracting solvent and scrubbing agent solution, and product purity, etc., has become more readily performed after advanced modeling techniques were developed [14] [ 15] .
In recent years, a major focus of separation technology development has been to consume less chemical and to discharge less pollution during production [16] - [19] . Therefore it is necessary to clearly know the minimum amount of extracting solvent (denoted hereafter as S min ) and the minimum amount of scrubbing agent solution (denoted hereafter as W min ) which represents the limit of chemical consumption for a given separation.
The equations of S min and W min for a two-component separation using a single aqueous or organic feed were previously given in the theory of countercurrent extraction based on several hypotheses [3] [5] . One of the hypotheses, the feed-stage-composition hypothesis, presupposes that the same kind of phase as the feed also has the same solute composition as the feed when it flows out of the feed stage. Recently however, we found this hypothesis to be not necessary. In this article, we presented different expressions of the term of Adjacent Stage Impurity Ratio from before [20] , and then in the absence of feed-stage-composition hypothesis, we derived the equations of S min and W min which are found to have the same forms as they previously appeared for a two-component separation using a single feed. Of more significance, we obtained the equations of S min and W min for a separation using both aqueous and organic feed simultaneously, i.e., using double feeds which may be encountered in a hyperlink process of multi-component separation, for the first time. Therefore the present work will support the design of hyperlink extraction processes together with our previous articles [21] [22] .
Description of the Separation System
The present article is focused on the counter current extraction separation processes of a mixture with two components, as displayed in Figure 1 . A and B refer to two kinds of metal ions with the same valency, with A is the more extractable ion than B in the given extraction system. Their separation factor is denoted as β.
The whole separation cascade couples n extraction stages and m scrubbing stages. The barren saponified solvent and hydrochloric acid enter 1 st stage and (n + m) th stage respectively as extracting solvent and scrubbing agent solution. Here for brevity the term "extracting solvent" is used to include solvent mixtures. A single aqueous feed enters the cascade from n th stage with feed flowrates (hereafter in mole per unit time) of A and B of f A,a and f B,a respectively, and a single organic feed is led into (n + 1) th stage of the cascade with feed flowrates of A and B of f A,o , f B,o respectively all the time. The final raffinate carrying all the pure B leaves the cascade at 1 st stage, while the organic stream containing the pure A flows out of the cascade from (n + m) th stage as the final extract.
It is assumed that the extracting solvent and the aqueous solution are immiscible and remain so at all cases of the operation. It is assumed that each stage is an equilibrium stage, and therefore all the flowrates are out of each stage in equilibrium. It is also assumed that only the saponified extractant has the ability of extraction with a single cation-exchange mechanism. The saponified extracting solvent is supposed to be always saturated with components when leaving all stages except (n + m) th stage. All the H + ion in the starting scrubbing acid is supposed to immediately exchange and migrate towards organic phase after entering the cascade, and therefore the scrubbing agent solution has contained no acid since leaving (n + m) th stage. And also as the two components have the same valency, the mixed extraction factor, denoting the ratio of the total mole amount of the two 
Expressions of Adjacent Stage Impurity Ratio
According to the target of A/B separation, a raffinate with pure component B should be obtained in the aqueous exit located in 1 st stage, thus component A can be regarded as the impurity to be gradually withdrawn from the aqueous phase by extracting solvent through extraction stages. In order to intuitively describe the removal efficiency of the impurity A in a certain extracting stage, we introduce a term named as Adjacent Stage Impurity Ratio (abbreviated as ASIR) in k th extraction stage as Equation (1) where g represents the ASIR and x i,k (i = A or B) represent the aqueous flowrates of the two components respectively when leaving stage k, and so on.
On the contrary, an extract with pure A should be obtained from (n + m) th stage, and component B is the impurity to be removed stage by stage from the organic stream through the scrubbing section. ASIR in k th scrubbing stage can then be expressed as in Equation (2) where y i,k (i = A or B) represent the organic flowrates of the two components respectively when leaving stage k, and so on.
In Figure 2 , x i,k and y i,k (i = A or B) again represent the aqueous and organic flowrates of the two components respectively when leaving stage k, and so on. According to mass balance as well as extraction equilibrium, we can have the following relations in Equations (3)- (5), in which k refers to an extraction stage and S means the total organic flowrates of A and B leaving any extraction stage.
From Equations (4) and (5), we know that
Then introducing Equation (6) into Equation (3) and taking Equation (1) into account, ASIR of k th extraction stage can be expressed as: If the same analysis as above is applied to the scrubbing section, ASIR of k th scrubbing stage can be derived as Equation (8 
Equations of S min and W min
ASIR gives an intuitive view of the removal status of an impurity in a separation cascade. The process of impurity removal is caused by a concentration driving force. When there is no concentration driving force, extracting solvent or scrubbing agent solution will lose the power to withdraw the impurity from its opposite liquid phase contacting with it, and the value of ASIR will drop to 1. As mentioned earlier, A/B separation requires the attainment of a final raffinate with no A as well as a final extract with no B, so if an S lower than the minimum value needed (S min ) is used in a separation cascade with enough stages, such that the compositions of the two outlets will not change when one or more stages are added, the two following events will happen: 1) ASIR at some continuous extraction stages adjacent to feed stage drops to 1, and 2) excess impurity A will exist in the final raffinate. However, if S is gradually increased, the final raffinate will contain less and less A. Therefore S min should correspond to the flowrate of extracting solvent resulting that the content of impurity A in the final raffinate just reaches the requirement while the lowest value of ASIR in extraction section keeps 1, which is the basic principle to derive the equation of S min . Actually, the principle also applies to the derivation of W min . And because ASIR monotonously increases from feed stage towards the two opposite ends of a cascade, the equations of both S min and W min will be derived on the conditions that the purities of both raffinate and extract are just up to the required level and ASIR of some continuous stages including the feed stage located in the middle has a same value of 1.
A Single Aqueous Feed
As usual consideration, the stage receiving an aqueous feed is regarded as an extraction stage, thus the aqueous feed is supposed to enter the cascade from n th stage as displayed in Figure 1 . If A, 1 1 n g − = , we have:
The separation goal requires no A existing in final raffinate, therefore A,1 0 x ≈ , then we can know the balance of component A across the interface I of Figure 3 as following:
From Equations (9) and (10), an interesting conclusion can be addressed as Equation (11) 
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Meanwhile the balance of component B across the interface I in Figure 3 should be:
Connecting Equation (13) 
The flowrates of component A with aqueous and organic streams flowing out of stage (n + 1) can be deduced as follows. 
After the separate analysis on either extraction or scrubbing section, we consider the mass balance of both A and B across the interface II in Figure 3 , and then we know: 
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From Equations (12), (20) , and (22) (27) can be ignored. Then by introducing Equation (24) together with Equation (15) into Equations (26), (20) and (25) into Equation (27), we can obtain the equations of both S min and W min required for a two-component separation using a single aqueous feed as Equations (28) 
Both of Equations (28) and (29) have the identical forms as appeared in the earlier theory of countercurrent extraction. Additionally, from Equation (24) and (15), it is obvious that the aqueous stream leaving stage n, i.e., the feed stage, has the same solute composition as the initial aqueous feed, which supports the feed-stage-composition hypothesis proposed in the theory of countercurrent extraction earlier.
A Single Organic Feed
Differently from using an aqueous feed, the feed stage is considered as a scrubbing stage when it receives an organic feed. Based on the similar analysis using a single aqueous feed above, it is found that the equations from (9) to (21) 
Finally introducing Equations (30) and (36) into Equation (26), and Equations (33) and (37) into Equation (27), one can obtain the expressions of minimum amounts of extracting solvent and scrubbing agent solution for a two-component separation with a single organic feed as below:
A, B, min
Equations (38) and (39) also have good agreement with the earlier theory. Meanwhile it is found from Equations (33) and (37) that the solute composition of the organic stream leaving stage (n+1), i.e., the feed stage, is exactly the same as that of the starting organic feed.
Double Feeds
Hyperlink extraction technology, due to its striking advantage of decreasing the use of chemicals for multicomponent separation, has been extensively employed in the Chinese rare earth separation industry [19] . In hyperlink processes, it is possible for a sublevel separation to accept both the aqueous phase and the organic phase respectively from two adjacent higher separation levels as its double feeds. The earlier theory of countercurrent extraction did not give the equations of S min and W min for a double-feeding separation. In a double-feeding separation, the aqueous feed enters n th stage which is an extraction stage, and the organic feed flows into the cascade at stage (n + 1) which is considered as a scrubbing stage. Same as above, when both S min and W min are given to the double-feeding separation, ASIR of stage n as well as that of stage (n + 1) should be equal to 1, which requires the relative flowrates to still satisfy the equations from (9) to (13), (17) and (18) . However the mass balance of component B across the interface I will change to:
Then simultaneously considering Equations (13) 
Thus from Equations (18) and (43), the aqueous and organic flowrates of component A leaving stage (n+1) can be expressed as Equations (44) 
and from Equations (17), (42), and (47), the relation described in Equation (49) 
By comparing Equations (50) and (51) with Equations (28), (29), (38), and (39), we can address an important conclusion that S min required for a double-feeding separation equals the sum of the minimum amounts of extracting solvent demanded when independently separating the two feeds. Also from Equations (41) and (48), Equations (45) and (49), it can be found that these flowrates no longer satisfy the feed-stage-composition hypothesis, which is the reason that the earlier theory of countercurrent extraction is incapable of dealing with a double-feeding separation.
Conclusion
The earlier theory of countercurrent extraction gave the equations of minimum amounts of extracting solvent and scrubbing agent solution for a two-component separation using a single aqueous or organic feed on the basis of some hypotheses including feed-stage composition hypothesis. The present study reveals that those equations also can be deduced without using of the feed-stage-composition hypothesis with the aid of the ASIR concept. The feed-stage-composition hypothesis can be proven to be correct in the case of using a single aqueous or organic feed, but invalid when double feeds are used. Of great significance is to present an approach in this work that can deal with a double-feeding separation, a problem that has not been solved before. The result suggests that the use of a second organic feed will not change the minimum amounts of extracting solvent and scrubbing agent solution demanded for an aqueous feed, and vice versa.
